Realizing highly sensitive interferometry is essential to accurate observation of quantum properties. Here we study two kinds of Ramsey interference fringes in a whispering-gallery resonator, where the coherent phonons for free evolution can be achieved by stimulated Brillouin scattering. These two different fringes appear, respectively, in the regimes of rotating wave approximation (RWA) and anti-RWA. Our work shows particularly that the anti-RWA Ramsey interference takes some quantum properties of squeezing, which enhances the strength and visibility of the fringes and shows robustness against the system's decay. In application, our proposal, feasible with current laboratory techniques, provides a practical idea for building better quantum interferometers.
I. INTRODUCTION
Precision measurement plays an essential role in modern physics. Ramsey interferometry [1, 2] , based on separated oscillatory fields, has been employed for precision measurement for several decades. This interferometry was first proposed to investigate the molecular beam resonance based on Rabi's method [2] , and then widely applied to different fields, such as atomic clocks [4] , quantum information processing [5] , quantum simulation [6] and optimized quantum measurements [7] . However, all these schemes are based on the Ramsey interference (RI) regarding internal states of the atoms. As such, it is interesting to consider the Ramsey interferometry by other ideas.
The present work focuses on the Ramsey interferometry based on stimulated Brillouin scattering (SBS) processes [8] . The SBS is caused by electrostriction and photon-elastic effects, which is a fundamental interaction between photons and phonons in fibers and waveguides [9] . Recently, the SBS has presented considerable potential in a variety of optical applications, such as light storage [10] , SBS induced transparency [9, 11] , slow light [12] , laser linewidth narrowing [13] , and optical isolators [14] . Especially in photonic integrated circuits, the SBS can be greatly enhanced by tight confinement of the optical fields [15] . On the other hand, we have noticed that the optomechanics can be applied to construct the Ramsey interferometry using nanomechanical resonator vibration [16] . This reminds us of a question: Can the processes of SBS, with analogy to optomechanics, be used to achieve the RI, even beyond ?
Here we propose a scheme to realize two kinds of RI fringes with SBS in a whispering-gallery resonator (WGR). These two different fringes work in the RWA and anti-RWA regimes, respectively, which can be controlled by the driving fields on different optical modes. Each of our RI is composed of three steps like the previous idea: Creation of phonon coherent states in the acoustic mode, free evolution of the phonons, and then quantum interference between the phonons and photons. The relative phase for the interference is from free evolution of the phonons due to its long coherent time.
Compared with the previously proposed RI [16, 17] , our scheme has some significantly different characters. Firstly, the fringes based on the anti-RWA can get benefits from squeezing properties for better visibility, higher strength and more robustness to decay. Secondly, different from most of the previous works with RI, where fermions, e.g., electrons, are employed, our scheme is based on the bosons (phonons and photons). Thirdly, in comparison with [16] where the relative phase is accumulated by the external vibration of the optomechanical resonator, the relative phase in our scheme for the interference is achieved via free evolution of the phonons in the acoustic mode. This is due to the fact that acoustic phonons circulating along the surface of the WGR experience very small decay. Although [16] provided an idea for RI with bosons, our work, based on the SBS working in the anti-RWA regime, represents a new bosonic method to realize the RI.
The rest of our work is structured as follows. We present the model of the SBS in the next section, and solve analytically the two kinds of RI fringes in Sec. III. Numerical simulations along with some discussion is given in Sec. IV. The last section is for a brief conclusion.
II. SYSTEM AND MODEL
We consider a WGR as plotted in Fig. 1 11]. When the acoustic mode b and two optical modes a and c fulfill the energy and momentum conservations, the photons are scattered between the two bosons (i.e., acoustic and optical) modes via the SBS processes [9, 11, 18] , which is expressed as
where g is the single photon Brillouin scattering coupling strength, b is the annihilation operator for the acoustic mode, and a and c are the annihilation operators for the optical modes. The optical mode j is driven by a time-dependent external field ε j with the frequency ω lj (j = a, c). These processes can be described as below under the control and probe fields
where
is the time-dependent driving strength. κ j and ℘ j correspond, respectively, to the decay rate and the external field power regarding the jth optical mode.
The whole system with the optical mode a (c) and the acoustic mode b at frequencies ω a (ω c ) and ω m , is governed by the Hamiltonian
III. ANALYTICAL SOLUTIONS TO THE RI FRINGES
With employment of Eq. (3), we may derive solutions analytically for RI fringes under the conditions of RWA and anti-RWA. The corresponding frequency relationships for the control field, the probe field and the acoustic mode are presented in Fig.2 . Frequency relationship of the coupled triplet system for RI fringes in the region of anti-RWA, where the control field on the mode c is of higher frequency than the probe field on the Stokes mode a, and the RI fringes can be detected in the optical mode a.
A. RI fringes in the regime of RWA When the driving on mode a is much stronger than that on mode c, i.e., ε a (t) ≫ ε c (t) (see Fig.2 (a)), under the condition of parametric approximation, we can treat the control mode a as a complex number. With the application of non-depletion approximation for the nonlinear three-wave mixing, we assume that mode a is not influenced by SBS, and thereby the dynamics of mode a is governed by
The steady state solution of mode a is α(t) = εa(t) κa+i(ωa−ω la ) with the square pulses [see Fig.3(a) ]
By inserting this complex number to Eq. (3), the linearized Hamiltonian for photon-phonon interaction is
Within the rotating frame of
the above Hamiltonian can be reduced to a RWA Hamiltonian
with ∆ c = ω c − ω lc and ω x = ω m − (ω lc − ω la ) [9] . Note that the probe field ε c (t) is denoted by time-dependent squared pulses, as plotted in Fig. 3(a) . With employment of Heisenberg-Langevin equations and the mean-field approximation, the mean response of the system for the weak field ε c (t) is governed by the mean-value equations as
where G r (t) = gα(t) is only controlled by the field ε a (t), while the driving field ε c (t) on mode c works as a probe field. In this case, the output field for the probe field ε c (t) at frequency ω lc can be described by the input-output relation ε c−out (t) = 2κ c c − ε c (t) at any time t. Using the Fourier transform O(ω) = O(t)e −iωt dt, we have
with the corresponding solutions as
To get the solutions analytically, we suppose ∆ c ≃ ω
Thus the above equation (10) is reduced to
which can be rewritten as
Using the Fourier inverse transformation on above equations, we obtain
As a result, the RI with RWA can be realized by following three steps.
Step 1 -First pulse: Generation of the coherent acoustic mode b
With the initial condition b(0) = 0, under the action of the driving field ε c for a time interval τ 1 , the dynamics of the acoustic mode is given by
corresponding to the first π/2 pulse in the atom RI. In this step, under the driving of the field ε a , the antiStokes processes for RWA dominate the system. As such, the energy is transferred between the optical mode c and the acoustic mode b, and thus the acoustic mode is coherent.
Step 2 -Free evolution of the acoustic mode b In the time interval [τ 1 , τ 1 + T ], the dynamics for the optical and acoustic modes is governed by
Combined with the final solution for the first pulse, the dynamics of acoustic mode turns to be
where the phase for interference, i.e., exp[−(iω m + γ m 2 )T ], is from free dynamics of the acoustic mode.
In this step, it is necessary to ensure that the decay rate of the optical modes is large enough so that the acoustic mode b is decoupled from the optical mode c very quickly, that is, exp[κ c t ′ ] = 0 for 0 < t ′ ≪ T . As such, the acoustic mode b can get the relative phase from free evolution with a very small decay, i.e., exp[ γ m 2 T ] ≃ 1. Here the Ramsey fringes are inverse to the conventional ones as in Ref. [16] . Other parameters are from Refs. [9, 11, 16] :
MHz, γm = 2π × 20 kHz and ω lc − ω la ≃ ωm.
Step 3 -Second pulse: The solution of the RI fringes
With application of the second pulse in the time interval [τ 1 + T, τ 1 + T + τ 2 ], the solution for the acoustic RI fringes following Eq. (8) is
with φ = ω x (T + τ 2 ) and θ r = γ m 2 T + Γ r τ 2 . The corresponding solution for the optical mode c is
for the output field ε c−out = 2κ c c − ε c .
B. RI fringes in the regime of anti-RWA
Similar to the RI fringes in the RWA regime, under the parametric approximation, when the driving on mode c is much stronger than that on mode a, i,e, ε c (t) ≫ ε a (t) [see Fig.2(b) ], the Hamiltonian in Eq. (3), in the rotating frame H b = ω la a † a + (ω la − ω lc )b † b, can be reduced to an anti-RWA Hamiltonian,
where ∆ a = ω a − ω la and ζ = εc(t) κa+i(ωc−ω lc ) with a timedependent squared pulses [see Fig.3 
(20)
The corresponding Langevin equations are given by
where G b (t) = gζ(t) is driven by the field ζ(t).
As a result, we obtain the solutions of the RI fringes for anti-RWA as
for the output field, i.e., ε a−out = 2κ a a − ε a .
IV. SIMULATIONS AND DISCUSSION
To further clarify the RI based on the SBS processes, we present below some numerical simulations and dis-cuss the RI fringes based on Eqs. (18) 
We first simulate the RI fringes versus the detuning ω x with different operation time variables τ 1 , T , and τ 2 in Fig. 4 . Under the driving on mode a (c) for the RWA (anti-RWA), we find no (an) enhancement in the output field ε c−out (ε a−out ) for optical mode c (a). This phenomenon can be understood as follows. For the system working in the regime of RWA, the interaction Hamiltonian g[α(t)bc † + α * (t)b † c] is just in a form of energy conservation. In contrast, if the model works in the regime of anti-RWA, the interaction Hamiltonian g(ζ * ab+ζa † b † ) works as a two-mode squeezing operator, which enhances the RI fringes by the squeezing parameter |G b | = |gζ|. In such an open system, the energy for this enhancement is from the control field ε c via the SBS processes, where a high frequency optical photon in mode c is transformed into a low frequency photon in mode a and an acoustic phonon b as a Stokes process. Due to this reason, enhancement of the RI fringes occurs within the interaction time duration τ 1,2 , but not during the free evolution. When the interaction time τ 1,2 is long enough, the RI fringes for anti-RWA could be much larger than the ones for RWA.
Our focus is now particularly on the anti-RWA case. As presented in Fig. 5 , we show the RI fringes as functions of the detuning ω x for different decay rates. To show the fringes more clearly, the output fields ε c−out and ε a−out for modes c and a are plotted in the same-scaled vertical axes. Compared with the output field ε c−out for mode c, the fringes of the output field ε a−out own an obviously better visibility [see Fig. 5 (c) ] due to the properties of the squeezing in the regime of anti-RWA. Moreover, with this enhancement, the RI fringes of output field ε a−out for anti-RWA is more robust against the decay than the counterparts of output field ε c−out for RWA. In our scheme, the contribution on the relative phase for interferences is from two parts, one of which is from the free evolution of the acoustic mode b and the other of which is from the energy shift for the control field. As a result, there is an fringe valley at ω x ≃ ±2π × 0.27 MHz especially in the regime of anti-RWA.
To study the relationship between the effective coupling strength |G r,b | and the RI fringes, we have also calculated the RI fringes versus the detuning ω x and the effective coupling strength |G r,b | in Fig. 6 . In the regime of RWA [ Fig. 6 (a,b) ], when the effective coupling |G r | is very small, it is hard to have an effective interaction between the optical mode c and the acoustic mode b. As such, no RI fringe appears. With the increase of the effective coupling |G r |, however, the above interaction could be somewhat enhanced, which yields maximum strength of RI fringes at |G r | = 2π × 1.02 MHz. In this case, the effective decay rate Γ r , increasing with |G r |, is always for loss, which yields disappearance of the RI fringes in the case of a very large coupling |G r |. For the anti-RWA case [ Fig. 6(c,d) corresponding to the cases of (a) and (b) versus the decay rate κj with j = c, a . Other parameters are from Refs. [9, 11, 16] : ωm = 42.3 MHz, εc = 2π × 1.0 MHz (RWA), εa = 2π × 1.0 MHz (anti-RWA), |Gr| = |G b | = 2π×0.58 MHz, γm = 2π×20 kHz, ω lc − ω la ≃ ωm, τ1 = 4 µs, T = 4 µs, and τ2 = 0.1 µs. some values could greatly favor the RI fringes. When the effective coupling strength is |G b | ≤ 2π × 0.557 MHz, the gain is just from the squeezing. But if |G b | is larger than π × 0.557 MHz, the effective decay rate Γ b turns to be negative, which implies a gain. As a result, the enhancement of the RI fringes in this case is from both the squeezing and the negative Γ b . From our calculation, the best RI is achieved at |G b | ≈ 2π × 1.0 MHz [see the dip in Fig. 6(c) ]. But if this gain is too large, e.g., |G b | > 2π × 1.5 MHz, the RI would be invisible.
V. CONCLUSION
In summary, we have presented two kinds of RI fringes with SBS in the RWA and anti-RWA regimes, respectively, which can be switched via the driving field on different optical modes. By comparison of the two fringes, we show that the RI in the regime of anti-RWA could be benefited from squeezing property, which enhances the visibility and strength of the fringes and robust to the decays. Since the scheme is fully within the reach of current laboratory techniques, we believe that our proposal provide a new way to building better Ramsey interferometers.
